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Abstract. We prove a generalized Marino- Vafa formula for Hodge integrals 
over Mg^-y—ij,{BG) with G an arbitrary finite abelian group. This formula can 
be viewed as a formula for the one-leg orbifold Gromov-Witten vertex where 
the leg is effective. We will prove the orbifold Gromov-Wittcn/Donaldson- 
Thomas correspondence between our formula and the formula for the orbifold 
DT vertex in |4]. We will also use this formula to study the local Gromov- 
Witten theory of an orbi-curve with cyclic stack points in a Calabi-Yau three- 
orbifold. 



1. Introduction 

The Gromov-Witten/Donaldson-Thomas correspondence conjectured in [?71 
states that the GW theory and the DT theory of a smooth 3- fold are equivalent after 
a change of variables. By the results in [27l[32], the correspondence for smooth toric 
3-folds is equivalent to the algorithm of the topological vertex [2]. The GW/DT 
correspondence for smooth toric 3-folds is proved in |29j . For smooth toric Calabi- 
Yau 3-folds, the GW theory is obtained by gluing the GW vertex, a generating 
function of cubic Hodge integrals, and the DT theory is obtained by gluing the 
DT vertex, a generating function of 3d partitions. The GW/DT correspondence 
for smooth Calabi-Yau 3-folds can be reduced to the correspondence between the 
GW vertex and the DT vertex. The Marino- Vafa formula, conjectured in [55] and 
proved in [3TJ 131] , can be viewed as a formula for the framed 1-leg GW vertex; it 
implies the correspondence between the 1-leg GW vertex and the 1-leg DT vertex. 

A vertex formalism for the orbifold DT theory (resp. orbifold GW theory) of 
toric Calabi-Yau 3-orbifolds is established in [4] (resp. [33]). For toric Calabi-Yau 
3-orbifolds, the orbifold GW theory is obtained by gluing the GW orbifold vertex, 
a generating function of cubic abelian Hurwitz-Hodge integrals, and the orbifold 
DT theory is obtained by gluing the DT orbifold vertex, a generating function of 
colored 3d partitions. J. Bryan showed the orbifold GW theory of the local footballs 
(computed in [15]) and the orbifold DT theory of the local footballs (computed in 
[1]) are equivalent after a change of variables [3]. It is natural to ask if the GW 
orbifold vertex and the DT orbifold vertex are equivalent after a change of variables. 

In this paper, we prove a generalized Marino- Vafa formula, which can be viewed 
as a formula for the framed 1-leg GW orbifold vertex where the leg is effective, 
and prove a GW/DT correspondence in this case. The correspondence for the 1-leg 
Z2 vertex is proved in [33) . We also use our generalized Marifio-Vafa formula to 
study the local Gromov-Witten theory of an orbi-curve with cyclic stack points in 
a Calabi-Yau three-orbifold. 
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1.1. Marino- Vafa formula for Za. Let Mg^-y{BZa) be the moduli space of stable 
maps to BZa where 7 = (71, • • • , 7„) is a vector of elements in Z^. Let U be the 
irreducible representation of Za given by 



Then there is a corresponding Hodge bundle 

and the corresponding Hodge classes on jVlg-y(BZ„) are defined by Chern classes 

Similarly, for any irreducible representation RofZa, we have a corresponding Hodge 
bundle E^ and Hodge classes . Let A4g,n be the moduli space of stable curves 
of genus g with n marked points and let tjji be the z*'' descendent class on A4g^n, 
1 < i < n. Let 

e : Mg^^{BZa) Mg,n 

be the canonical morphism. Then the descendent classes 'tpi on Mgn are defined 
by 

Let 

where rk E^ is the rank of E^ determined by the orbifold Riemann-Roch formula. 
Let be a positive integer and let = (/ii > • • • > > 0) be a partition 

of d > which means := X]!=i A*« ~ Now we require 7 = (71, • • • ,7„) be a 
vector of nontrivial elements in Za and view /x as a vector of elements in Za. Then 
for T e Z, we define Gg^fj,^j{T)a as 

|Aut(/z)||Aut(7)| l\ [^]! 

where 7 — /U denotes the vector (71,- •• , 7„, — • • • , — nii^fX)) ^ ipi corresponds to 
/ij, and 1 denote the dual of U and the trivial representation respectively, [a;] 
denotes the integer part of x, (x) = x — [x], 

_ / 1, X = 0, 
'^"•^-l 0, x^O, 

and 
6-- 

Introduce formal variables p= {pi,p2, ■ ■ ■ ,Pn, ■ ■ = {xi,. . . , Xa-i) and define 



1, if all monodromies around loops on the domain curve are trivial 
0, otherwise. 
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for a partition /i. Define generating functions 

oo 
g=0 

G*(A;r;p;x)a = exp(G(A; r;p; x)a) ^ G* ,^(A; r)aP^a;^ = 1 + ^ G*,^(A;T)aP^a 
= f + ^ G*(A;r;a;)Qp^ 

M7^0 

xe2Z,x<2;(/^) 

Our G(A;T;p;a;)a corresponds to the framed 1-leg orbifold Gromov-Witten ver- 
tex where the leg is effective. In this paper, we will prove the orbifold GW/DT 
correspondence between our GW vertex G{\;0;p; x)a and the 1-leg DT vertex 
Vj00((7, qi, ■ ■ ■ , Qa-i) which appears in Example 4.2 in ^4 . 

More precisely, let V^^^iq, gi, • • • , qa-i) = 'qUi) be the corresponding 

reduced DT vertex. Then we have the following theorem: 



.-1 



Theorem 2.1: Under the change of variables g = —e^'^'^, (7; = ^i=i "a ("i '^al^ij = 

1 , • • • , a — 1 we have 

G;(A; 0; X)a = J] (_l)A„(0,a)^^+A„(0,a)^-i+A.(l.a)-A,.(0,a) ^ ^ ^ ^-_^+A.(a-l,a)-A.(0,a) 
kl = |p| 

K00(-9'9i,--- ,qa-i) 

where = , cja = and = | Aut(^) |^i • • • Aii(^) • 

For a partition /i, Xn denotes the character of the irreducible representation of 
Sd indexed by /z, where d = \fj,\ = Yli=i f^i- Let 

Then under the above change of variables, let 

kl=|p| l«l=kl 

where 

s^' is the Schur polynomial corresponding to the conjugate of ^, — g, = (— Q, —Qqa-i, ■ ■ ■ , —Qqi ■ ■ ■ qa-i) 
and-Q-(l,-g, (-g)^, (-g)^, • • • )■ 

$• ^(A) satisfies the following properties (see |22) ) 

(1) <^(Ai + A2) = E • ■ 'J':.m(^2), 



4 ZHENGYU ZONG 

(2) KA^) = -'^-^A- 

By dH),© we have 

(3) i?*(A;T;a;), = ^ 0; x)aZ.<i>:,^(\/^Ar) 

We also define generating functions 

R'{X;T;p;x)a = ^ (^^ 2;)aP^ 

R{X-T;p;x)a = logi?*(A;T;p;x)a = ^ ^fj-rfi^'y'^)aPtJ.x^ 

Ai#0 7 

The Mariiio-Vafa formula for Za is the following theorem 
Theorem 1 (Marifio-Vafa formula for Zq). 

G(A; t;p; q)a = i?(A; t;p; a;)a 
When a = 1 (and hence x = 0), 



where 



i?;(A;O;0), = (q^)l^l ^ 5.' ((1, (-<z)', ••• ) 



- IT sin[(t/a-;/fc + b-a)A/2] 
^ ^ - _ sin[(6-a)A/2] 

1 



n!L1n:U2sin[(«-* + /M)A/2]' 
Vi,(A) has an interpretation in terms of quantum dimensions (see [2T| and 

M 



where q — e^^ , dimgi?,^ is the quantum dimension of the irreducible represen- 
tation of Sd index by v, the product is over all the boxes x in the Young diagram 
associated to the partition v and h{x) is the hook length of the box x. In this case, 
Theorem[l]is the original Marino- Vafa formula in [21] and [31]. In [19], G{\] T;p; 0)i 
and i?(A;r;p;0)i are denoted by G{X;t;p) and R{X;t;p) respectively. 

In section 3, we will define a generating function K*(X]x) of relative Gromov- 
Witten invariants of (P;!j,oo). In section 4, we will prove the following Theorem 
which gives Theorem [T] 
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Theorem 2. 

By dJ),©, Theorem [2] is equivalent to 

G;(A;t;x), - E K:{X;x)z,^IJV^tX), Gl{X;0; x)a = K;{X; x) 

So Theorem [T] follows from ^ and the initial condition G* (A; 0; a;)a = i?* (A; 0; a;)a. 

1.2. Abelian group G. Let G be an finite abelian group and let R be an irre- 
ducible representation 

G ^ C* 

with associated short exact sequence 

Let p. = (/2i, • • • , fii{p,)) be a vector of elements in G such that 

Here we view ^ as a vector of elements in Z^. Let 7 — (71, • • • , 7„) be a vector of 
elements in G such that (/)^(7) is a vector of nontrivial elements in Zq. Then we 
define Gg,^,^(T)a,0R as 



■/_ 



|Aut(^)||Aut(7)| [^]! 
(-K-+i))"'^AV.«(i)AV^«^(-r-i)AV^Hr) 



im,,-,--^(bg) n!=i (1 - M^V'i 

where 



1, if all monodromies around loops on the domain curve are contained in K 
0, otherwise. 



In the definition of Gg^^^^{T)g_^^R^ we have some freedoms of choosing /x and we set 
the following requirements: 

(1) If Er=i - E?=l A^. = 0, then Er=i 7^ - Eg ^ ^- we can 



choose ^ such that (t>^{pL) ~ [i stiU holds and X]"=i 7i ~ Ej=i A^j = 0- 



(2) If Er=i </'''(7»)-E;=i ^ 0, then both X3,^_p(SG) and 
are empty and we choose /2 arbitrarily. 

We also define generating functions 

00 

G^,-y(A; T)a = A^^~^ + '^^'-'Gg,^,^(T)n 

3=0 

G^{X;T;p)a,(j,R = E G^,^(A; r)a,0-rep^ 
The Marino- Vafa formula for G is the following theorem 
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Theorem 3 (Marino- Vafa formula for G). 

P 

where denotes the formal variables ( -jf^, • • • , ■ • •) 

1.3. The local Gromov-Wltten theory of orbi-curves. Let {X,pi, ■ ■ ■ ,pr, <zi, • • • ,qs) 
be a fixed non-singular genus g orbi-curvc with stack points pi, ■ ■ ■ ,Pr of orders 

fli, • • • , Or and with ordinary points qi, ■ ■ ■ ,qs- Let ■ ■ , a* be partitions of 
rf > 0. Let 7^, • • • , 7*^ be vectors of nontrivial elements in Xa-^ , ■ ■ ■ , respectively. 
When fli = • • • = flr = 1, the relative local invariants Z^{g)-^ of X is defined in 'B]. 
This local theory is called local Calabi-Yau theory in [7] because the obstruction 
bundle in the definition of Z^{g)-^ is a (non-compact) Calabi-Yau threefold. In [7], 
the local Gromov-Witten theory of ordinary curves is solved without imposing the 
Calabi-Yau condition on the obstruction bundle. 

We will define the relative local invariants Z^''^ (g)-^ of {X,pi, ■ ■ ■ ,pr, qi, - ■ ■ ,qs) 
similar to that in [6], where it = (ai, • • • , Or) and 7 = 7^ + • • • + 7' . Then to de- 
termine the relative local invariants of all {X,pi, ■ ■ ■ ,pr,qi, ■ ■ ■ ,qs), we only need 
to determine Z^''^ {0)^p-^ ^a) because of the gluing law in 6J. Define the generating 
function 

Zdig){\;x)^-^ = ^Z^^^(.g)^_^A''a;^. 
6,7 

We will use the Marino- Vafa formula for to calculate Zc;(0)(A; (q). The 
result is the following theorem: 

Theorem 4. 

A"»Z<j(0)(A;A»"^a;i,--- , A^"^a;Q_i)(^)^(a) = V^'^ ^''^\q^qi ° 
where the change of variables is given in Theorem \2.1i 

1.4. Acknowledgments. I wish to express my deepest thanks to my advisor Chiu- 
Chu Melissa Liu. When I started this work, she helped me to find many impor- 
tant references, from which I learned the orbifold Gromov-Witten theory and the 
Marifio-Vafa formula. I have learned a lot of things from discussions with her. Her 
papers [H] [H] [32] guided me through the whole process of this work. She also 
helped me to learn some skills of Latex. This paper could not be possible without 
my advisor Chiu-Chu Melissa Liu. I also wish to thank Hsian-Hua Tseng and Jim 
Bryan for their helpful communications which are important for the work of the 
local Gromov-Witten theory of orbi-curves. 

2. Initial Value and Orbifold Gromov-Witten/Donaldson-Thomas 

Correspondence 

The original GW/DT correspondence is conjectured in [37] and [5S], which states 
that the GW theory and the DT theory of a smooth 3-fold are equivalent after a 
change of variables. This conjecture is proven for smooth toric 3- folds in [29]. This 
result can be viewed as the equivalence of the GW theory and the DT theory of the 
non-orbifold topological vertex. In [4], the DT theory of the orbifold topological 
vertex is established. We will prove the orbifold GW/DT correspondence between 



la-l ) 



Su'i-q,) 



IH=ImI 
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our GW vertex G(A; 0;p; x)a and the one-leg DT vertex Vj00(q, gi, • • • , qa-i) which 
appears in Example 4.2 in |4]. When a — 2, this correspondence is proven in [33] . 
In [4], the DT vertex ^^^00(9, <Zi, • ' ' : Qa-i) is expressed as 

T/a „ „ A - i/o ('„ „ „ \„-A^{0.a)A^{0,a)-A^il,a) A„ (0,a)- A, (a- l,a) / x 



where A^{k, n) = j)ev\-^^ir^^ ^'v Schur polynomial, i^' is the conjugate of v 

andg. = (Q, Qga-i, • • • , Qgi • • • 9^-1), Q = (1, 9, 9^, 9^, ' ' ' )• Let Vj^0(g, gi, • • • ,(?a-i) = 
K4)e('i'''?i' — ^a-i) ^j^g corresponding reduced DT vertex. The following theorem 

gives the orbifold GW/DT correspondence between G* (A; 0; x)a and Vj^00('?, 91, ■ ' ' 1 9a-i)- 
Theorem2.1. Under the change of variables q — —e^^^''^ ,qi — ^^^e^'^i=i i^l~^cL'}^i J 



1, • • • , a — 1 we have 



r*f\-n-r,.\ - \^ f ^\AJO.a)„iJ^+A^{0,a)-i+^Al,a)-A^iO,a) f^iS-li+A,. (a- l,a)- A,. (0,a) 

kl=lpl 

Kmi-'i,qir- ■ ,qa-i)- 



where = e'" , Wa = e and = | Aut(^)|/ii • • • 

Proof. If T = 0, then Gg^^^j{0)a = if > 1. If = 1, then the moduli space 
-^g,7-(ti)('SZa) is nonempty if and only if the parity condition 



d = 7i (moda) 



holds. So when /(/i) = 1 and d — 7i(nioda), we have 



G 



(0). = V-l-'^''"'a-'-<i> 

^ [ 

■it (7) I 7a?„ 



_a ^ 

I Aut(7)| l-dV' 



I Aut(7)| Jm^ _^_^^^(bz^) 1 - dip 



g2g-2+n 

1 r A 



I Aut(7)| Jm^^^_^^^(bz,) 1 - # 
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-l+n 
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|Aut(7)|y:M,a' 

where the second equahty holds by Mumford's relation [5], the fourth equality holds 
by the fact that the degree of the map M.g^~^-i^d){^'^a) -Mg.n+i is o?^~^ [13] and 
the last equality holds by the string equation. 
So we have 

oo 
9=0 



2a"i+" sinful Aut(7)| 
where the second equality holds by the fact (see 

A/2 



g=0 -^^9,1 



sin(A/2) 



So we have 
G(A;0;p;x), 



E 



i-d+2(f-i:r=i ■ 



2a-i+« sin^l Aut(7)| 



a-1 



2dsinf^ . , 



fc,! 



E E E^a'' 2cisin^^^ n 



r -pa Vr' (-f ^a^C^'^;,)'^ 

2cisin-''^ 



Let ui = e^v{YTj=l ^i^a ^^^j), / = 0, • • • , a - 1 and = J2Zi vt- Then we 
have 



G(A;0;p;x)a - "EE 



(i>l i=0 
a-1 



1 - 



= -EE E ^(^^"'^ei-.(-'?)*y.)'^(-'z)'^^-^) 

d>l (=0 ij>l 

;=o ij>i 

Note that ^ = Ca9; for ^ = 1, • • • ,a-l. So we have m;^^ = -^^,1 = 1, • • • ,a-l. 
Also note that uq - ■ ■ Ua-i — 1. So uiS}^ 



ui---Ua-iqi---qi 



qf-qi • 

By taking the product of 
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this identity for / = l,---,a — 1, we obtain 



g-l a-2 J_ 

91° 92" ■■■Qa-i 



Thus we have 
Therefore 



"/Ci = (-1) " li'-'-Qa-i qi+i---qa-i- 



l=Q i,j>l 

d>l \i,\=d 

d>l \^\ = \u\=d ^ 

where the second identity can be found in |25) . 

is the Schur polynomial, -g, -Q^q^i, • • • , -Qqi • • • ga-i), -Q = (I,-?- (-g)^, (-9)^, ■ ■ • ) 

and = I Aut(/x)|^i • • • /Lt;(^). Recall that G*(A;0;p;x)a = exp(G(A; 0;p; a;)a) = 
l + E,,^0G-(A;O;x),p^. So 

G;(A;0;2:), = (g^^r" • • • g.^jf ^ ^^'(-9.)^ 

- ^ 1->A„(0.a)„M+A„(0,a) -i+A^il,a)-A^i0.a) - £<f^+A„ (a- l,a)- A„ (0,q) 

kl=|p| 

K00(-9''7l,--- ,'?a-l) ■ 

□ 

Recall that 

Therefore, the initial condition G*(A;0;a;)a = i?*(A;0;a;)a follows from Theorem 
12.11 and the expression of V^^^g . 

3. Moduli Spaces of Relative Stable Morphisms 

3.1. Moduli spaces. Fix an integer a > 1. Let P;^ be the projective line with 
root construction [5] of order a at 0. For an integer m > 0, let 

plH=PaUPji)U---UPj,„) 

be the union of P;!^ and a chain of m copies P^, where Pj is glued to P}^^ at pf''^ and 



(1) 

Jj-j is glued to at pf^ for 1 < Z < m — 1. The distinguished point on P^(m) 
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is Pi ■ We call the irreducible component P„ the root component and the other 
irreducible components the bubble components. Denote by 7r[m] : Pa[TO] — )■ 
the map which is identity on the root component and contracts all the bubble 
components to p^^^ . Let 

pi(m)=pii)U---UPj„) 
denote the union of bubble components of Pa[TO]- For convenience, we set Po[0] = 




Let 7 = (71 , • • • , 7„) be the vector of integers 

1 < 7j < a - 1 

defining nontrivial elements 7i G Za- Let /i = (/ii > • • • > > 0) be a partition 
of d > 0. Let Mg^j{Pa, 11) be the moduli space of relative maps to (P^,oo). Then 
a point in Mg^j{Fl^, ^) is of the form 

[/ : (C,xi,- - • ,Xn,yi,--- ,yi(f,)) (P;i,p^"')] 

such that 

i=l 

as Carticr divisors. In order for the moduli space Jvlg^^i^^, 11) to be non-empty, we 
must have the parity condition 

n 

d = y~^7j(moda) 

i=l 

We will also consider the disconnected version ,^(P^, /x), where the domain curve 
C is allowed to be disconnected with 2{hP{Oc) — hP{Oc)) = X- 

Similarly, if we specify ramification types ^ over 0,oo €E P'^, we can define 
the corresponding moduli spaces Aigfli^^ ,1^, A*) and M^{P^,i', /z) of relative stable 
maps. 

3.2. Torus action. Consider the C*-action 

t-[z° : z^] = [tz° : z^] 

on P^. This action lifts canonically on P^. These induce actions on P^[m] and on 
Pi!j[m] with trivial actions on the bubble components. These in turn induce actions 
on Mg.~){Fl, fi), M^ ,.^(Fl, fi), Mgfl{V^ jV, IJ.) and A^* (P^, i/, /u). Define the quotient 
space A1*(P^, i^, /i)//C* to be 

Ml{F\l.,^,)//C* = (M'^{F\u,^i)\M,{F\u,^if')/C* 

3.3. The branch morphism and double Hurwitz numbers. Similar to the 
case of Mg^j{Fl^, n), a map [/] e M^{F^ ,1^, fj.) has target of the form P^[rno,mi], 
where P^[mo,TOi] is obtained by attaching P^(mo) and P-'^(toi) to P'^ at and 
00 respectively. The distinguished points on F^[mo,mi] are and g^^^. Let 
TT : [mo, mi] — )■ P^ be the contraction to the root component. Let r = — x+^(i')+/(m) 
be the virtual dimension of M.-^{F^,i', fj). Then there is a branch morphism 

Br: Al*(P\i/,/x)^Sym''P^ 
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sending [/ : C — )• P^[mo,mi]] to 

div(/) -{d- l{v))Q -{d- l{fi))oo 

where div(/) is the branch divisor oi f — 7r[TOo; ttt-i] ° f '■ C P^. 
Recall that the disconnected double Hurwitz number is defined by 

1 

I Aut(i/)|| Aut(pi)| JiM'jpi^^^^)]. 
In [22], the following Proposition is proved 
Proposition 3.1. 

^'"'^^ \ Ant{i^)\\ Aut{fi)\ J iM'JP\^,,.) //€']-" 

where is the target ip class, the first Chern class of the line bundle Lq over 
/^^{F^,!^, fj.) whose fiber at 

[/:C-^piK,mi]] 
is the cotangent line T*o P^[mo,mi]. 

The following Burnside formula will also be used (see [10) 1 
Proposition 3.2 (Burnside formula). 

J-f* 

where ^''^(A) is defined combinatorially in section 1. 
3.4. The obstruction bundle. Let 

7r:Z^^AT;^(pi,M) 

be the universal domain curve and let T be the universal target. Then there is an 
evaluation map 

F -M^T 

and a contraction map 

Let V C U he the divisor corresponding to the Z(/x) marked points yi, - ■ ■ , y;(/j). 
Define 

Vd = R^MOui-'D)) 

Vd, = i?V,#*Opi(-po), 

where F = it o F : U Fl^, pi ~ oo E F\ and po is the stack point of P;^. The fibers 
of Vd and Vd^ at 

[/: (C,xi,...,x„,yi,--- ->P^[m] ] G AT*^^(P;i, 

are H^{C,Oc{-D)) and H^{C, f*Ori{-po)), respectively, where D ^ yi + . . . + 
VH^), and / — 7r[m] of. It is easy to see that the rank of the obstruction bundle 

V^Vd® Vd, 

is equal to the virtual dimension of A^* ,y(P;^, which is — X+"-+^(M) + f ^^"=1 ^ 
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We lift the C*-action to the obstruction bundle V. It sufBees to lift the C*-action 
on to the line bundles Opi {—po) and Opi . Let the weights of the C*-action on 
Cpi {—po) at Po and pi be — r — ^ and — r, respectively and let the weights of the 
C*-action on Opi at po and pi be t and r, respectively, where t S Z. In other 
words, if we write the obstruction bundle in the form of equi variant divisors, we 
have 

Vd = R^7r,{F*Opi{T{apo-pi)){-'D)) 
Vd, = R^TT,F*Opi{-po + t{pi - apo)), 

Let 



Kl ,. „ = r-i^ — [_ e{V) 

Jim'. -,(Pl,u)lvir 



I Aut (^) 1 1 Aut (7) I 7[aT* ,^ (Pi 

Then if* ^ ^ is a topological invariant. We will calculate K'^ ^ 7 the next section 
by virtual localization. Define the generating function K*(X; x) to be 



X 



4. Virtual localization 

In this section, we calculate 7 by virtual localization. We will express if* ^ ^ 
in terms of one-partition Hodge integrals and double Hurwitz numbers. Then we 
can obtain Theorem 2 by Burnside formula. 

4.1. Fixed points. The connected components of the C* fixed points set of ji^a, 
are parameterized by labeled graphs. We first introduce some graph notations which 
are similar to those in [2T| . 
Let 

be a fixed point of the C* -action. The restriction of the map 

f = 7r[m]of:C^Vl 

to an irreducible component of C is either a constant map to one of the C* fixed 
points Pq,Pi or a cover of P;^ which is fully ramified over pq and pi. We associate 
a labeled graph T to the C* fixed point 

[/ : {C,xi,...,xn,yi,--- ,yi{f,)) ^PaH ] 

as follows: 

(1) We assign a vertex v to each connected component Cy of f~^{{po,Pi}), a 
label i(v) = i if f{Gv) = pi, where z = 0, 1, and a label g(v) which is the 
arithmetic genus of (We define g{v) = if C„ is a point). For i{v) — 0, 
we assign a set n{v) of marked points on C„. Denote by T^(r)(*' the set of 
vertices with i{v) = i, where i — 0, 1. Then the set V(r) of vertices of the 
graph r is a disjoint union of y(r)(°) and ViT^^^ For v G y{r)(°) define 



ro(w) = 2g{v) ~2 + Yal{v) +n{v), veV{T)'^°\ 
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y^(r)(") = {veV^(r)(o) 
y^(r)(o) = {vev{r)^°^ 



9{v) 


= 0, val(7') 


= 1, n{v) 


= 0} 


9{v) 


= 0, val(w) 


= 1, n{v) 




9{v) 


= 0, val{v) 


= 2,n{v) 


= 0} 




>0}, 







(2) We assign an edge e to each rational irreducible component Ce of C such 
that /|ce is not a constant map. Let d{e) be the degree of f\c^- Then f\c^ 
is fully ramified over po and pi. Let -B(r) denote the set of edges of F. 

(3) The set of flags of T is given by 

F(r) = {{v, e):ve V{T), e e E{T), C^nCe^ 0}. 

(4) For each v G V{T), define 

d{v) = J2 ^(e)' 

(i;,e)eF(r) 

and let ^{v) be the partition of d{v) determined by {d{e) : {v,e) G -F(F)} 
and let v be the partition of d determined by {d{e) : e € -E(F)} . When 
the target is Pa[m], where to > 0, we assign an additional label for each 
V e y(F)(^^: let iJ,{v) be the partition of determined by the ramification 
of f\c^:C,^ Fi{m) over p'r^. 

Note that for v G V{T)^^\ u{v) coincides with the partition of d{v) determined by 

the ramification of f\c^ : Cy ^ Vl^{m,) over p'fK 

Let be the moduli space of C*-fixed degree covers of with stack 

structure given by i/j(moda). Then the C*-fixed locus can be identified with 

IJ (A^*o,^_,(i3Za) X jg^K.) X • • • X M^,^^^ xA^* 1 (P^ , z/, n)//C*)/ Aut(i/) 

where IBZa is the rigidified inertia stack of BZq. Therefore, we can calculate our 
integral over 

x°+xi-2K^)=x 
provided we include the following factor 

^ TT-- 
|Aut(z/)| ^^jL 

where bi = g^^^"^^.) is the order of Vi^Za- 

4.2. Virtual Normal Bundle. Let 

[/: (C7,xi,...,x„,j/i,--- ^P^H] e AT*^^(P1,M) 

be a fixed point of the C*-action associated to F and let / = Tr[m] o / : C — > P^. 
Let 

= Ext°(Oc(£' + D'), Oc), B2 = H\C, fOriiPo)), Bs = eJ^o'^^etW), 
Bi = E^t\^lc{D + D'),Oc), B5 = H\C,rOri{po)), Be = ®Z~o^H^^{R'!). 
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where D = yi + ■ ■ ■ + yi(^) , D' = xi + ■ ■ ■ + Xn and 



9e/-i(pi") 

where ni is the number of nodes over p^^\ Let Bi denote the moving part of Bi 
under the C*-action. Then we have (see Appendix A in [21]) 

1 eT{Bi)eT{B5)eT{Be) 



eT(iV™) eT{B2)eT{Bi) 

where ct denotes the C*-equi variant Euler class. 
Note that S3 = 0, and 



0, m = 0, 



4.2.1. The target is P^^. In this case, 



Bi = 

vev'ir)W 
So 



-1 



er(-Bi) _ -TT M TT I "V Scd{a, d{ e))u 
eriBA) ~ d(v) -^J- ^ ad(e 

n ( n 



^gys(r)(0) y(D,e)e_F(r) Vd(e) 'r{v,e)) a 

Consider the normahzation sequence 

^ fOpi(po)-> (/|cJ*Opi(Po)© (/|ce)*Opi(Po) 
i>Gys(r)(o) eeB(r) 

^ (/kropi(po)© (/!,(„,., )*Opi bo) I ^0. 

iiev"(r)(") •uevs(r)(o) \(D,e)GF 
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where qv and q{v,e) are the corresponding nodes. The corresponding long exact 
sequence reads 

^ Jf°(C,fOpi(po))^ J?°(a,(/|cJ*Opi(Po))® 0(^) 

^ if°(<Z.,(/\j*Opi(Po))e I if°(<Z(.,e),(/l,(„,e))*0Pi(Po)) 

«Gy^^(r)(0) i;eVS(r)(0) y(t,,e)G_F 

^ J?i(C,fOpi(po))-> i?'(a,(/|cJ*Opi(Po))^0 

The term iJ*'(C„, (/|c„)*C'pi (Po)) contributes unless all monodromies around 

loops on are trivial. The term (/|g^)*C'pi(po)) (resp. ff°(g(„_e)) (/|g(„,e))*C'pi(Po))) 

contributes zero unless qy (resp. 5(v,e)) is not a stack point. So 



where (x) = x — [x] and 
(5„ = 



1, if all monodromies around loops on Cy are trivial 
0, otherwise. 



So we have the following Feynman rules: 

1 



where 



Ay = < 



e^(Arvir) - n n ^- 



1, wey^'^(r)(o), 

gcd(a,d(ei)) ] gcd(a d(e2)) (^) "'^-J^^, ■yey^^(r)W, 

(t;,ei),(^;,e2) eF(r), 



rd(e)i, 



4.2.2. The target is Pa[m], m > 0. A similar computation shows that 



-1 



eriBi) ^ -pr _u_ TT I V Scd{a,d{e)) u 
e-riBA) div) \ ^ adie) 



n n I u „],, . \ gcd(a,ci(e)) ■ n n 3rz^ 
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For ^-^^j^TT, wc also have a similar long exact sequence 

eT(B2) ° 

^ H'{C\,{f\cSOri{pu))® ^°(a,OcJ®(0)® h 

^ if°(g.,(/\j*Opi(po))® I i^°(9Ke),(/l,(„,e))*Opi(P0)) 

i>ey"(r)(o) t>eys(r)(o) \(i;,e)e-F 

f (0) 

^ i/i(C.,fOpi(po)) 

^ iJi(a,(/|cJ*Opi(po))© i?i(C,,OcJ®(0)^0 

So '^^^f^^ has the same expression as in the previous case. Finally, 

,„ „ „, ,l^;(r)|-i 

-Dfi 



/ 1 1 \ I 



so 



where ■0" is the target '0 class as in section 3.3. Note that tjj^ = d{e)'tjj(^y^e) for 
V e V{tY^\ {v,e) e F. 

Therefore, we have the following Feynman rules: 

, 3^7^ n n 

where 



^ r / r „gy(p) ee£;(r) 



i n(.,e)e.(r) = n(.,e)e.(r) ^(e), v e y(r)(i) 

1, wey^'^(r)(o), 

Kei),(^;,e2) eF(r), 



« rde 1, 



4.3. The bundle Vd. The short exact sequence 

Oc{-D) -^Oc^Od^O 
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gives rise to a long exact sequence 

i=l 

^ H\C,Oc{-D))^H\C,Oc)^0 
The representations of C* are 
k IM 

^ 0W ^ ^ Oc{-D)) (r) ^ H\C, Oc) ® (r) ^ 0. 

i=l i=l 

where k is the number of connected components of C. So 

eT(^^D)=eT(Fo)(™y('^)-\ 

where 

Vo = R^TT.Ou- 

4.3.1. The target is P^. In this case, the number of connected components of C 
|y(r)°|. Consider the normalization sequence 

v&V(r)" i=l i=l 

The corresponding C* -representation of the long exact sequence reads 

i{p) lip) 
^ M®0(r)^0(T) 

veV(T)° ^£^(^0 i=l i=l 

^ ifi((7,Oc)«'(r)-^ //i(a,OcJ«'(T)^0. 

i;ev(r)o 

So 

i;ey(r)o 

where 1 denotes the trivial representation of Z^. 
Therefore, we have 

^TeT{VD)= n 
uey(r)o 

where 

4.3.2. T/ie target is F^[m], m > 0. Consider the normalization sequence 

^ Oc^ Oc„© Oc, 

veys(r)(o)uy(r)(i) e£B(r) 

^ ^5.. ® 10 0,(.,e) ) ^ 0. 

vev"{r)(o) i)eys(r)(o)uy(r)(i) \(u,e)eF / 
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The corresponding C*-representation of the long exact sequence reads 

^ 0(t)^ (r)® (r) 

i=i veyS(r)(o)uv'(r)(i) eeB(r) 



(r) 



^ 

vev"{T)(.o) t;Gys(r)(o)uy(r)(i) \(j),e)eF 

^ ifi(C,Oc)® (r) ^ ifi(a,OcJ®(r)^0 

t>ey'5(r)(o)uy(r)<i) 

where k is the number of connected components of C. So 

^*,eT{Vo) = (™)l^(nHnr)|+. av.i^(,,) 

i)ev(r) 

wey(r) 

We have the following Feynman rules: 

iTeT{VD)= n ^v, 
vev{r) 

where 

4.4. The bundle Vd^. 

4.4.1. r/ie target is In this case, k = \V{T)°\. Consider the normalization 

sequence 

^ rOri{-po)^ (/|cJ*Opi(-Po)© (/|Ce)*Opi(-Po) 
t^ey^Cno) eeE(r) 

^ (/kr(^n(-fo)© f (/i,(.,e)mi(-fo)) ^0. 

vev"(r)(o) t;ev'S(r)(o) \(t),e)eF / 

The corresponding long exact sequence reads 

^ if°(C,rOpi(-po))^ if°(C„,(/|cJ*Opi(-Po)) 

i)ev^(r)(o) 

^ if°(g.,(/UJ*Opi(-Po))© I i?°(g(.,e),(/|,(„,.))*Opi(-po)) 
fev^^(r)(o) t,eys(r){o) y(„,e)eF 

^ H\C,rOri{-po)) 

\ 



ifHa,(/icj*Opi(-Po))© 

vevs(r)(o) eeB(r) 





(=1 



d(e) 
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We have the following Feynman rules: 
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" eeB(r) 



where 



Ay = < 



n(.,e)eF(r)((-r-iHV<^>, 

1, 
1, 



V e y^(r)(o), 

„e y/j(r)(o), 

^gy//(r)(o),(^,ei),Gi^(r), 



_ n/=i 



r<i(e). 



(rf(e)r + Z)^_^^[^l-V(£(£i)>_ 



4.4.2. The target is Va[m\, m > 0. We have a similar long exact sequence 

^ ifO(C,fOpi(-po)) 

^ ifO(C„,(/|cJ*Opi(-Po))© iJ0(a,OcJ®(-T) 
i)evs(r)(o vev{r)W 



i?°(g.,(/UJ*Opi(-Po))© i?°(a(.,e),(/l(„.e))*Opi(-P0)) 

® e I e i-r) 

ifi(C„, (/|cJ*Opi(-Po))© i?nC.,'^cJ®(-T) 
i)evs(r)(o vev(r)W 

\ 

' e ' 

eeB(r) 



e 



V 



d{e) 



I 



So we have the following Feynman rules: 



" ee£(r) 
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where 



KS) ii-r - ^Ju){{-r - l)u)-^^ 

1, veV^iTY"\ 

1, 

(( 



T 

A^(;i)(-™).(-™)™'(.)-i, 



,<i(ei)> 



V e i/^'-f(r)(o), 

veV"irY^\iv,ei),eFir), 



A, 



rd(c), c I "7 



d(e) 



4.5. Contribution from each graph. By Mumford's relation [5], we have 
So we have 



where 



n 



nUi(^.T+o 



^gy(r)(0) 



^1 



I y3Tl^l-'(''\ the target is pi 

[ x/^' , the target is pi [m], > 



4.6. Proof of Theorem 2. 
K' 



I Aut(^)|| Aut(7)| 7[AT*,^(Pi,,.)] 



e(F) 



l{u) 



1 a 



I Aut(^)|| Aut(7)| , I Aut(.)| 11 



[aT'o_.,_„ (BZa) xaT* 1 (pi ,^,m)//c*]"' eT(A^r" ) 
■kl-'(M) 



/_ 

J\m'. 



E 



(_yZl^)-x'+'(!^)+'(A') 



Recall that 
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We have 

This finishes the proof of Theorem 2. 

In the proof of Theorem 2, we used the fohowing convention for the unstable 
integrals 

1 _ 1 

1 1 



Aio,(c,-c)(ez„) (1 - AiiV'Oll - M2V'2) a(/xi + ^2) 



1 1 



A?o.(c.-c)(ez„) (1 - dipi) ad 

4.7. Abelian groups. We generalize the Marino- Vafa formula to arbitrary finite 
abelian groups. Let G be an finite abelian group and let R be an irreducible 
representation 

with associated short exact sequence 

^ X ^ G ^ lm(0-") Za ^ 
Then 0^ induces a morphism 

p : Mg,.^{BG) ->-Mg^^R^^){BZa) 
The following results are shown in |14) 
Lemma 4.1. 

0, ELi7.7^0 



degip) 



where E"^ (resp. ) denotes the Hodge bundle on A4g^y{BG) (resp. M-g^^iBlia)) 
corresponding to the representation R (resp. U). 

Let 7 = (71, • • • iln) be a vector of elements in G such that ^^(7) is a vector 
of nontrivial elements in Zq. Let /2 = [pi, ■ ■ ■ ,pii^fi)) be a vector of elements in G 
such that 

Here we view p as a vector of elements in Za. p. is required to satisfy conditions (1), 
(2) in section 1.2 which imply that Mg,j-fi{BG) and M.g^^R(^)^^{BIja) are both 
empty or both nonempty. Then we have 



n-L^iHi-M.^.) 
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Therefore 



oo 

= |i^'|G^R(^)(|-K'|A;r; 



\m^-M{\K\X;r;v^X 



This finishes the proof of Theorem 3. 



5. Application to the Local Gromov-Witten Theory of Orbi-curves 

5.1. Definitions and some known facts. Let {X,pi,--- ,pr,qi,--- ,qs) be a 
fixed non-singular genus g orbi-curve with stack points Pi, - ■ ■ ,PrOf orders oi , • • • , 
and with ordinary points gi,--- ,qs- Let a^,--- ,0" be partitions of d > 0. Let 
7^,--- ,7*" be vectors of nontrivial elements in Za^,--- respectively. Then 

there is a corresponding moduli space of relative stable maps 

A7;(X,(a\... ,a«)) 

parameterizing stable maps from possibly disconnected curves to X ramified over 
qi with ramification type a' and with marked points with monodromies 7 = 7^ + 

Let 

be the universal domain curve and let 

P:T^M;{X,ia\--- ,a^)) 
be the universal target. Then there is an evaluation map 

Let Q be the universal prescribed branch divisor and let V be the universal rami- 
fication divisor. Let 

I{X,^) = i?i^,(F*(w(Q)) © 0{-V)) - R''Tr,{F*{coiQ)) © 

where lu is the relative dualizing sheaf of P, ^ = (a^, • • • ,a*). Then the relative 
local invariants are defined by 

^^'^^^^^.^ = |Aut(7)||Aut(a')|...|Aut(a«)| L^..^,./^^'^^' 
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and their corresponding generating functions are defined by 

6,7 

where 7? = (ai, • • • , a^). The only difference between our definition and the non- 
orbifold definition in |6] is that there are two additional indices li and 7 in our 
definition. Note that /(X, c^) has rank b when restricted to the components of 
A^^(X, c^) with virtual dimension b. 

We use the notation h d to indicate /i is a partition of d. The following 
proposition is the orbifold version of the gluing law shown in [6^ 

Proposition 5.1. Let "3" — (a^,--- ,a^) and it = (ai,--- ,ar). For any choice 
g ^ gi + 52 o,nd any splitting 



{a\---,a''} = {a\--- ,a''}U{c 



k+l 



{ai, • • • , flr} = {ai, ■ ■ ■ , a/} U {a;+i, • • • , a^} 

we /laue 

Zd{g){>^; x)-^^-^ = ^ Zfj^Zd(gi){X; x)(^a\--- ,afe,M),(ai,--- ,a,)^rf(52)(A; a;)(„fc+l_... ,Qa,^),(a,^i, 

The only difference between Proposition 15.11 and the gluing law in 6 is that 
there is an additional splitting of "a^ = (ai, • • • ,ar). The proof of Proposition 15.11 
is the same as that of the gluing law in j^. 

5.2. Calculation of Zrf(0)(A; (q). In JT^, the local Gromov-Witten theory of 
ordinary curves is solved even without imposing the Calabi-Yau condition on the 
obstruction bundle. So in order to determine the relative local invariants of all 
{X,pi,--- ,pr,qi,--- ,qs), we only need to calculate Zrf(0)(A; a;)(^)^(a) because of 
the gluing law. 

Recall that we have defined 

1 



K' 



I Aut(^)|| Aut(7)| J[Ml_^{vi,t,)Y" 
with V the obstruction bundle and the generating function 

k;{X;x)^V^'^'^-'Y.x-^^'^^^x,ki 



e{V) 



M,7 



So we have 



where b = — x + rt + + f — ^"^^ = Kl)- Therefore, we have 



A »Zd(0)(A;A» ^xi,---,A°»' ^a;a-i)(^),(a) = ^^d'^ i^){p).{a)^' 



Recall that 



kl = lMl 
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where the change of variables is given in Theorem 12.11 Therefore, we obtain the 
expression for Zd(0)(A; : 

This finishes the proof of Theorem 4. 
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